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Abstract

The scope of this dissertation is to unfold a distinct and detailed analysis regarding the quantification of nuclear deformation over a
broad spectrum of nuclear mass numbers, A. Several basic current nuclear models are introduced and explained that provide an
insight on nuclear structures. This is followed by an investigation of the nuclear 2+ and 4+ excited state transition energies of even-
even nuclei. By using the information yielded from the E (2+), E (4*) excitation energies and their respective R (4/2) ratio, the
respective values of the moments of inertia were shown to be a result of the nuclear deformation. The extracted deformations were
investigated using the respective moments of inertia and also the nuclear product valence correlation (A, A,;) scheme. Moreover,
the data were manipulated in such a way that the existence of magic (and doubly magic) numbers were clearly evident at N,Z=2, 8,
20, 28, 50, 82 and 126, corresponding to nuclear shell closures. Finally, it is shown that the ratio of the E (4+*) energy to the E (2+)
energy has a value of 3.33 for a perfect rotor and a value of closer to 2.0 for an idealised vibrational nucleus, and a value of < 2.0
for a near closed shell/near magical nucleus. The results demonstrate the importance of valence nucleons which are the main
contributors to the evolution of nuclear deformation.
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1. mtroduction

The search for the elements that constitute the
fundamental nature of matter has its origins back to
fact, a Greek
philosopher, Democritus that first introduced and

the ancient Greeks. In it was
subsequently developed the idea that all living
matter is in fact composed by tiny bits which he
called (Walker ], 2004,
Campbell MK. and Goldstein N., 2012). Despite the
fact that this novel idea of afoms was highly

consequently ‘atoms’

revolutionary and innovative, it was soon

abandoned because it was plainly thought of as

figment
it was

unrealistic
Therefore,

th

being an of Democritus’
not before the

century and Dalton’s successful

imagination.
beginning ofthe 19
that this

started becoming prevalent

experiments idea was revisited and,

consequently and
widely accepted. Dalton had now clear evidence that
distinctly proved and demonstrated that matter
indeed seemed to consist of fine and elementary
particles (Demtryder W., 2010, Olmsted ] and
Williams GM., 1997). However, it was the discovery
ofradioactivity by Becquerel in 1896 that essentially
triggered the development of the mnovel, yet
fascinating field of nuclear physics, a field that
revolved around nuclear characteristics and
interactions. Furthermore, the subsequent discovery
in 1897 and the

interpretation of the famous scattering experiments

of electron by JJ] Thompson

performed by Geiger and Marsden by Rutherford in
1911 additionally propelled the basic interpretation
of the atomic structure. All positive charge and
almost all of the atomic mass are concentrated in the
central (nucleus), whereas, on the other hand, the
negatively charged electrons were surrounding that
centre on distinct orbits (de Gruyter W., 1997, Niaz
M., 2009). Nevertheless, the study of radioactivity
was relatively low pro file until the 1930s and it was
primarily limited to medical research e.g. radiation
therapies for cancers (Reed BC., 2013). Hence, it was
the discovery ofneutron in 1932 and the subsequent
Fermi’s neutron bombardments experiments that
rendered nuclear physics as a high-pro file domain o f
research (Mason TE. et al, 2013). In fact, Chadwick’s
discovery allowed for the correct identification of
the constituents of nucleus: positively charged

protons and electrically neutral neutrons. The
nucleus is thus determined by its c/arge number Z
(defined by the number of protons) and its mass
number A (which is, in turn, defined as the total
number of neutrons plus protons). Elements that

have the same atomic number of Z but different
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neutron number N are known as isotopes, whereas
on the other hand, elements that have the same N
but different Z are known as isotones (Martin B.,
2011, Kakani SL., 2006 ).

1.1. Scope ofthis dissertation

In this dissertation the nuclear structure is explicitly
described through the investigation of some of the
properties of nuclei including the energy of the
excited states and the rotation and vibrational states
of the respective deformed nuclei. The primary
focus will revolve around the so - called Yrast' states
with angular momentum and parity quantum
numbers 2" and 4. These correspond to the nuclear
excited state energies of even [even nuclei (ie.,
nuclei with even number of protons and even
number of neutrons). It should be noted that the
rotational characteristics of nuclides have been long
exhibited by Bohr. In fact, Bohr stated that
measurements of rotational nuclei are possible due
to their deformation which, in turn allow for a
change in the position or point ofreference (Hellem
J., 2008, Blaum K. et al, 2013). Nevertheless, some of
the basic current models will be discussed and
unfolded that describe the and the

respective nuclear structure. For instance, the shell

nucleus

model defines that the motion of each and every
nucleon is directly influenced by the average force
(attractive) of the other nucleons (Krane KS., 1998).
Hence, the respective orbits are by default forming
shells. As a result of this model magic numbers are
predicted that represent shells which are filled’. On
the other hand, the collective model accounts for
valence nucleons that have been shown to
collectively cause deformation as compared to the
normal spherical shape

(Khagram P., 2007). The decays from the I'=2% and
4% excited states in

R = 2.0 for an idealised vibrational nucleus; and it
should be R < 2.0 for near closed shell /| near magic
nuclei. These deformations were analysed using the
respective moments of inertia and also the nucleon

(the NN,

product valance correlation scheme

scheme).

Nuclear Structure and Decay Theory and Models
2.1.Nucleus and the Nuclear Chart

Each element consists of different isotopes; atoms

whose nuclei have the same Z but different N values
(Lilley J., 2002, Durrant A., 2000). Advancements in
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the field of accelerator technology have allowed
nuclear scientists to extend their research on new
isotopes that are far from their respective stable
isobars. One of the most essential goals of nuclear
physics is the production and identification of new
elements that will, in turn, redefine the existing
periodic table (Bowler MG., 1973). Therefore, it
comes as no surprise that this in depth study of the
new nuclides has led to a massive expansion and
acquisition of the available nuclear data. In fact and
according to the National Nuclear Data Centre
(NNDC), the total number of nuclides for which
currently exceeds the 3000
2015). out of the
approximately 7000 nuclides that are thought to

data is available

(nndc.bnl.gov, However,
possibly exist there are only 286 proton Uneutron
combinations that are able to produce effectively

stable nuclei (physicsworld.com, 2011). For instance,

tin (Z = 50) has 10 stable isotopes, whereas
technetium (Z = 43), promethium (Z = 61) and
polonium (Z = 84) have none. Nevertheless, a

nuclear chart essentially depicts all these nuclei
which are, in turn, plotted with respect to their Z
and N values (Winn W., 2010). Figure 1 shows such
a nuclear chart in which the black area indicates
stable nuclei (i.e. those that lie along the line of
stability in the Segri chart), and the yellow area

indicates the area o fall known nuclei.

Furthermore, an area defined as '7Terra incognita’
illustrates the 'zone’ where the existence of nuclei
has been assumed. Despite the fact that this area is
not yet experimentally supported it is of utmost
importance for comprehending the production of

heavy nuclei.

Nuclear Landscape

stable nuclei

protons
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Black dots

represent the area of stability, yellow areaq denofes

Figure 1. The nuclear landscape.

the area of known yet unstuble nuclei, and green
represents the regions where the existence of nucler
7s practically assumed. lmage faken from (Belrens
7., 2009)

2.2.Nuclear Stability

However, a very essential aspectof figure 1 deals
with the stability o fnuclei and their respective ratio
ofprotons vs neutrons. At lower masses (light
nuclei) nuclear stability is found where the ratio of
neutrons vs protons is 1:1. On the other hand,
isotopes with a greater neutron number than the
stable ones are bound to become unstable by means
ofB decay, whereas isotopes with a greater proton
number will become unstable by B*decay or electron
capture (Walther J., 2009, Jevremovic T., 2009).
However, and as the proton number is increased,
the stable isotopes tend to have an increasing ratio
ofneutrons vs protons in their nucleus. In fact,
heavier nuclei are most stable with NV >Z. . Figure 2
demonstrates the values for N and Z for 266 stable

nuclides.
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Figure 2. Values for Profons and Neutrons regarding
the 266 primoridial, stable nwuclides. Graplh taken
Jfrom (web.uth.edu, 2013).

In order to explain this we first need to take into

consideration the binding forces (energy required to
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104N L

‘break’ into its constituent parts) within the nucleus.
The nucleus is essentially held together by the
application of a short range force, namely the strong
Jorce. In fact, the short range of this force is
understood due to the fact that it is operating at
distances between 1 fm and 2 fm, where fm =107 m
as shown in figure 3 (Van Oers WTH., 1992). At such
distances the strong force highly overcomes the
(that is

between the positively charged protons) and is

repulsive Coulomb potential applied
responsible for holding the nucleons together with a
very small (and necessary) separation. In fact, 'the
spin - fsospin independent attraction of about 50 [
100 MeV 7n this region plays an essential role fo
nuclear bindsing’ (Hatsuda T., 2011, pp. 1). In other
words, the strong force is charge asymmetric and
does mnot distinguish between the spin states
(parallel or anti - parallel) o f the respective nucleons.
Nevertheless, the nature of this short range force
implies that each nucleon needs to move in an
almost spherical potential which effectively comes
as a result of the average interaction between the

given nucleon and its surrounding ones.

Several nuclear models have been proposed and
which
stability and the binding energy of the nucleus as it

attempt to adequately explain nuclear

is shown in the next section.
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Figure 3. Strong force 7s repulsive af distances below
0.5 fin and then atfractive at greater distances fmage
laken by (cyberpliysics.co.uk, 2015).
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2.3 Nuclear Models

All theoretical nuclear models eventually face two
principal limitations (Rowe D. and Wood J., 2010).
The first limitation deals with the fact that there is
currently mno exact and precise mathematical
expression that describes nuclear forces, as opposed
On the other hand, the second

limitation emphasises on the fact that there is no

to atomic ones.

mathematical solution to the many-body problem.
However, and despite of these limitations, there
have been several nuclear models that have been
introduced and that can accurately describe nuclear
and atomic properties. The most important of these
models are the Liguid Drop model, the Shell model,
and the Collective model.

2.3.1. The Liguid Drop Model and the Sem7 -

empirical Mass Formula

The
describing the binding energy of a nucleus. This

Liguid Drop model/ is a simple model
model was introduced as an accurate nuclear model
due to the fact that a liquid drop has constant
density which is independent of the number of
molecules (Brown GE. et al, 2010). Until the 1930s,
and following the experimental measurements of a
substantial number of atomic masses, density and
found to be

approximately the same for all stable nuclei (Patel

nuclear binding energy were
SB., 2006). In principle, the energy that is required in
order to remove molecules from a liquid is de fined
as the heat ofvaporisation which is, in turn, directly
proportional to the number (mass) of molecules
within the liguid (much like the binding energy is
proportional to the mass ofnucleons). Hence, and in
proportion to this analogy, the Lzguzd Drop model
was introduced to explain nuclear binding energy
and in which the nucleons are considered to be
distributed in a fairly uniform manner (Yarwood J,
1973). As
developed his
(SEMF) in 1935 (eq. 1) which, in turn, describes the
mass of the nucleus, and, thus its binding energy, in
relation to A and Z.

a result of this theory, Weizsacker

semi - empirical mass formula

According to the SEMF the short range force is valid
(or effective) to particles only when it comes to their

direct neighbours. Therefore, the binding energy
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within the nucleus solely depends on the numbers
ofnucleons that reside inside it (Jelley NA., 2007).

]

B/A MeV
o
! N — .

Figure 4. The binding energy per nucleon as a
Junction of the atomic mass number A. The solid
curoe illustrates the Weizsacker SEMF. Image faken
Jrom (ifin.lin.se, 2015)

The first term ofequation 1 states that the number of
interactions is proportional to A, and it, hence
defines that the

constant. The second term is a minor correction to

binding energy 1is practically
the first one and it primarily accounts for the fact
that nucleons that exist on the surface ofthe nucleus
will eventually have a smaller number ofneighbours
(and, thus a smaller total binding energy). It should
be noted that this term comes in total accordance to
the surface
(ifm.liu.se, 2015). Therefore, the nuclear equivalent

ofthe surface tension should be

tension of liquid drop analogy

where |1, is the respective coe fficient (constant) in
the Weizsacker formula presented earlier. On the
other hand the third term accounts for the positive
electrostatic energy of a charged drop (due to
Coulomb repulsion which, therefore resists the
nuclear trend towards a spherical shape), whereas
the fourth one is simply quantum - mechanical
based term that was added in

order to account for the fact that in cases where the
number of protons is not equal to the number of

neutrons the energy if the nucleus is found to
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increase. Hence, the binding energy will, in turn
decrease as a result of the exclusion principle.
Finally, the last term incorporates an empirical
account for the pairing tendency of the respective
nucleons. It should be noticed that the success of
this model was due to the fact that it accurately
defined the respective limits o fstability as a resultof
(Hellem ], 2008).

Nevertheless, and throughout the last decades, this

particle emission or fission
model has undergone several changes such as the
description o f the collective excitations as a result of
rotations and vibrations. However, the failure ofthis
model in terms of insufficiently explaining the
e ffects
propelled the introduction of additional nuclear
models such as the Shell model and the Collective

mode/(Moody K]J. et al, 2005).

microscopic observed in the nucleus

232 The Shell Model

As opposed to the previously mentioned Liguid
Drop model, the Shell modeldefines that the motion
of each and every nucleon comes as a result of the
average attractive force of all the other nucleons
(and not simply as a resultofthe neighbouring ones)
(Brown GE. et al, 2010). This is exactly why the
respective orbits form what is called 's/ie/ls’ (Krane
KS., 1998). It should be mentioned that the evidence
of this model stemmed from the same limitations
stated in the Liguid Drop model: the failure of the
Liguid Drop model to explain the microscopic
effects witnessed in the nucleus. This limitation is,
therefore providing clear evidence of the quantum
shell structure of the nucleus According to the Pauli
principle each nucleon possesses its own distinct set

ofquantum numbers that essentially de fine it

2
[ 4[]’
A

Eq. 2

(Abadi Vahid MM. et al., 2015). Hence, and as more
and more nucleons are added in the nucleus, they
will need to reside in the lowest possible energy
Additional that propelled the

widespread use of this nuclear model was the extra

level. evidence
binding energy that was observed in cases where
either the proton or the neutron numbers was equal
to 28,50,82, and

Moreover, and as it will be shown in the results
this model

section of this dissertation, is also

supported by the prerequisite amount of energy
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needed to excite nuclei that contained the so-called
magic number of protons or neutrons. These magic
numbers (2, 8, 20, 28, 50, 82, 126...) denote the
specific number of nucleons that are needed for a
full shell (all possible sets of quantum numbers have
been occupied) (Rodriguez-Guzman et al., 2015). It
should be mentioned that nuclei which have magic
numbers for both their neutrons and protons are
called doubly magic (Hinke CB. et al, 2012, Rydin R.,
2011). As shown in figure 5 there is a considerable
amountofspin-orbit interactions that split the levels
by a number that is directly proportional to the
orbital quantum number and is responsible for the
overlapping levels observed (Neeraj M., 2011).
Figure 5 also shows that the most stable atoms are

(as expected) the noble gases.

Further splitting ~ Multiplicity
Quantum energy from spin-orbit ~ of states
states of potential  effect \ l
well including ]
angular momentum ; 93, 8
effects. \ K
/
1g —<'
| 19, 10
—2, 2
2p——c s, 6 Closed shells
J————2p, 4 indicated by
H—x ¢ *magic numbers"
of nucleons.
1f7,2 8
50
; 10, 4
2s £e 2% - 2
14— =
3 1dg, 6 b7
. @
" P, 2
1p— )
f——— 15 ()

Figure 5. Diggram depicting a comparison betfween
atomic energy levels and the energy levels as
defined by the nuclear shell model lmage taken
Jrom (hyperplhiysics.pliy-astr.gsu.edu, 2015)

233 The Collective Model

Collective models were developed in response to the
fact that nuclei are not stationary; on the contrary,
nuclei show  shape and evolution
(Nakatsukasa T., 2012). The main focus of this

dissertation is the

phase

quantification of nuclear

deformation. Therefore, it goes without saying that
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changes in the shape of the nucleus involve many

nucleons (many nucleons acting together =
collectively). The development of the collective
behaviour in nuclei comes as a result of correlations
among valence nucleons. There fore, and as opposed
to the pure siell model/ as discussed earlier,
collective models (configurations) assume that wave
functions are mixed and, thus they are linear
combinations of several components (uni-koeln.de,
2015). In other words collective models assume that
apart from the individual nucleons that manage to
change orbits (and, thus create exited states of the
nucleus) there are additional nuclear transitions that
involve many other nucleons. Nevertheless, there is
established
collective excitations that provoke either oscillation

or/ and rotation (Bohr A. and Mottelson B., 1955).

a plethora of well - examples of

- Collective Excitations

First of all, it should be mnoticed that collective
excitations have a predominant effect in medium -
mass to heavy nuclei that lie in the areas between
the magic numbers (Khagram P., 2007). Hence,
nuclei that demonstrate collective behaviour
patterns are primarily those with a large mass and
with a proton or neutron number that is not near to
the magic numbers (filled shells) (Stock R., 2006).
This is an extremely logical assumption because in
these regions the large number of valence nucleons
promotes a collective behaviour where each nucleon
affects each other (and, thus triggers a collective
influence). However, and owing to the effect of
valence nucleons, valence correlation schemes such
as the N, N, scheme are usually used. The NN,
scheme provides the means for parameterising
nuclear data in a way that highlights the valence p -
n interaction (Casten R., 2000). In fact, and by firstly
assuming that the p-n interactions are fairly long

range in addition to the fact

that they are solely the ones responsible for the
onset of collectivity, configuration mixing, and
deformation in nuclei, then the total valence p-n
strength will scale with the product of N, NV, The
Np.Nn (or Nu.Np) value is of absolute importance
due fo the fact that the inferactions between profons
and newutrons in highly overlapping orbifs are
widely accepted fo be extremely important
paramelers in ferms of nuclear deformation and

their respective phase transitions (Casten RF., 1955)
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The significance of a N NV, scheme is illustrated in
figures 6 and 7 where data from A =130 region are
plotted against the E,, and E, /| E,. A comparison
between plotting N and NN, highlights the
sim plicity and utility o f this scheme.

- 1 1 1 1 1 1 = -
80 78 76 74 72 70 68 66 0 32 64 % 128
N NN

Figure 6. Normal (left) and NN, (right) plots of
E(2) for the A = 130 region. Image taken fom
(Casten R., 2000).

18

T N T TN MO I N B | L
B0 78 76 T4 T2 70 68 6 64 0 2

Figure 7. Normal (left) and N N, (right) plots of
E) E(27) for the A =130 region. lmage taken from
(Casten R., 2000)

A very useful and sensitive method for measuring
the internal structure a nucleus is the measurement
of the excitation of the nucleus to the very first
excited state. Due to the strong pairing force, even [
even nuclei do not tend to exhibit single particle
and, thus exhibit the
(Hellem ],

exhibit either one or two particle hole excitations or

excited levels simplest

systematics 2008). Even-even mnuclei
two quasi particle excitations at low excitation
energy. Hence, what we expect is that all even-even
nuclei will have ground states with a spin/ parity of
0% (Krane KS., 1998). On the other hand, the first
excited state ofeven-even nuclei is expected to have
spin/ parity value of 2%; however, and according to
the literature, this is not the case for 0, %0, *C,
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“Ca, ®Ni, Ge, ’Kr, "°Zr, **Zr, *Zr, *Mo, '*’Gd, ""’H g,
6pp, ¥pb, ’Pb, "’Pb, "*Pb and **Pb (Raman S. et
al., 2001). Nevertheless, there are two mapr types of
collective nuclear behaviour that depends on the
size of the nucleus. In fact, for A < 150 the various
nuclei vibrate about a spherical equilibrium
(vibrational), whereas for nuclei with 150 <A <190
or A > 220 they
behaviour as a result o f their non-spherical shape at

equilibrium (Regan PH. etal., 2003).

instead express a rotational

- Nuclear Vibrations

The Liguid Drop model/ can give us a pretty good
idea regarding the way with which a nucleus
vibrates. However, the energy of a nucleus, as a
system, to be
Dommelen L., 2013). In fact, and by taking into

consideration the classical

quantum needs quantised (van

expression for the lowest frequency we get that

A [ £? £
vibrati

V4 s c 2

eq. 3,

where £s, Ec represent the relative strength of the
surface tension and the relative strength of the
Coulomb repulsions, respectively for the lowest
frequency. The instantaneous shape of the nuclei is
non-spherical, as opposed to the spherical average
shape. Therefore, the slightest deformation in the
shape from the equilibrium is bound to increase the
energy of the surface. In fact, and according to
Lilley, a small deformation is bound to induce a
parabolic energy potential (Lilley J.,, 2001). Figure 8
illustrates the shape of the barrier as a function of
the deformation or fragment separation for several
values ofatomic mass number A. It is shown that at
large separations the shape of the barrier is de fined
by the Coulomb potential between the charges ofthe
nuclei. A measure of these charge distribution
deviations from the spherical shape are defined as
the quadrupole moment (Q) of the distribution
(cdfe.sinp.msu.ru). On the other hand, and at small

deformations (distortions) both terms of eq. 3
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compete to each other, where surface tension is
trying to pull the nucleus back to its original
spherical shape.

(g
wn
[}

[ A = 300

200

150

100

Potential energy, MeWV

50

Qcaoo O O

fragpment separation

Figure 8. The respective shape of the barrier as a
Junction of the deformation or fragment separation.
Image taken from (shefac.uk, 2003)

Nevertheless, the
nucleus can be described by a radius vector R (0, ¢)
as a function of time (t) with 6 and ¢ defining the

angular coordinates of a point that resides at the

instantaneous shape of the

surface

R(£) R, [1 [1,cos([IF)Y.,, (1, )] eq. 4,

where [, is the deformation parameter, R, is the
average radius of the nucleus (which is directly
proportional to A”? (Pearson J., 2008). On the other
hand, the term Y, , introduces angular momentum
and figure 9 shows the respective vibrational models
for three distinct values of . (A= 1, 2, and 3)

(Trentalage S. and Koonin E., 1980).

1,497

Figure 9. The three lowest vibrational states (modes)
ofa nucleus. lmage taken from (Krane KS., 7998)

For A =1 we have a dipole excitation. In this case the
spherical harmonic changes from the center of the
mass without the application of external forces.
Moreover, what is observed in this state is a highly
collective dipole excitation that has a spin | parity
of 1" at excitation energies of 10 - 20 MeV (Lilley ],
2002) On the other hand, and for 1 =2, we have a
quadrupole where all nucleons contribute to the
motion of the nucleus. This mode is the lowest
vibrational mode and does not call for compression
or separation of protons and neutrons. Finally, and
for A

negative parity. Such vibrational states are typically

= 3 we have an ocfupole with an overall

observed at energies that are greater than the E2

vibrational states.

oy 04,24, 44,6+ :‘M'_i 04,24, 4+ 6t

0%, 24 4

Moy

Figure 10. Energy spacing ofboth guadrapole and

octupole plhronon excitation ofa spheroid

Figure 10 illustrates the energy spacing ofboth
quadrupole and octupole phonon excitation ofa

spheroid.

- Nuclear Rotations

Collective nuclear rotation can be only observed in
nuclei that have non-spherical equilibrium shapes.

For instance, and according to the principles of

s 1 AN A
i.f ) r/’I ‘“'\. quantum mechanics, nuclei that lie close to the
I\;\\J i ( ) \ - \/\ magic numbers are practically spherical and, thus
\7:: ;‘/ N X~-7 N rotation is by default forbidden. It was previously
~ o stated that nuclei with 150 <A <190 or A > 220 they
Preate Gumampad ctmdler express a rotational behaviour as a result of their
non-spherical shape at equilibrium (as opposed to
nuclei
IJSER © 2018
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a=b<c

Figure 11. The shape of an axvial symmelric prolate
ellipsoid that 7s defined by ifs semi-mapr avis. In
this case ¢ 71s greafer than the semi-minor axis.
Figures taken from (Ovenden C., Kragram P., 2007)
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Figure 12. The shape of an oblate ellipsoid that is
defined by ifs semi-mapr axis. ln this case c s
smaller than the semi-minor axis. Figures faken
Jfrom (Ovenden C., Kagram P., 2007)

with A < 150 in which case they vibrate about a
spherical equilibrium (vibrational)). These nuclei
are, hence called as deformed nuclei and they are
ellipsoidal: either prolate or oblate (see figures 11
and 12). However, and in both cases, the nuclei
exhibit symmetry about both semi-mapr and semi-
minor axis. Nevertheless, and as previously
mentioned, the shape ofthe deformed nuclei can be
described by an ellipsoid as in equation 4, where [ is
the deformation parameter. The relationship
between this parameter and the eccentricity of the

respective ellipse is given by equation 5

™~
~

4 [z
[ eq.5,
3 5R
avera
ge

International Journal of Scientific & Engineering Research Volume 9, Issue 2, February-2018
ISSN 2229-5518

where R

average

=R,A”” and Rdescribes the difference
between the semimapr and semi minor axis for the
ellipsoid (Alder K. et al, 1956). The parameter [
defines the degree to which a nucleus is deformed
(its eccentricity). Therefore, when [ takes positive
values the respective nucleus is deformed like a
prolate ellipsoid (figure 11), whereas in cases where
f takes negative values the respective nucleus is
oblate (figure 12).

- Momentoflnertia

The kinetic energy for a rotating ob pct is given by

£l L2 eq.6,

Where (is the moment of inertia (rotational mass),
and @ is the angular velocity of the obgct. Taking
into consideration that the angular momentum is, in

turn equal to (o then equation 6 becomes

/Z
£ eq.7,

20

Hence, and by simply replacing the value ofangular
momentum /with the angular momentum quantum

number we get that

h

Z(DU],,1/G1) eq. 8

Equation 8 shows that the rotational energy of a
given nucleus is increasing in proportion to the
angular momentum quantum number.

However, this equation is also very important for
the purposes o f this dissertation because it provides
the energies of even - even nuclei (rotating ob pcts)
in quantum  mechanics. Hence, and when
considering the 2" energy state (where i =2) we get
that E (2*) =6(h*/ 20). Accordingly, and by replacing
the appropriate values for 7, we can get the values

for the other energy states as shown below. It should
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be mentioned that the ground state of even Ueven

nuclei has always a value of0.

E(0")=0

E(2') =6(h"/27)
E(4%) =20 (h? /20
E(6')=42(R* /27)

E(8") = 72(h* /27)

Figure 13. Energy for even - even nwuclei at the

respective ground or excited states

Nevertheless, an important element of figure 13 is
the ratio E (4*) / E (2%) because on one hand it
eliminates the dependence on moment o finertia and
on the other hand, sets the upper limit of 3.33 for
this ratio. This number is characteristic for nuclides
that are known as perfect rotors.

Figure 14 in turn illustrates the ground state
rotational band that is formed as a result of these

nuclear excited states in the form of energy level

diagrams.
E(I")
E(6")
h\']
>
E(4") t hv
>
E(2%) : hvs

E(0%) Ground state

Figure 14. Schematic energy level diagram
Hlustrating the sequence formed by nuclear excited
states

The moment of inertia can also be written as a
function of the nuclide’s mass and radius as in

equation 9.

0000049,

where Kk represents a proportionality constant and
can be used in order to define the respective nuclear
deformation. Therefore, and by taking into
consideration the dependence between the radius

and the atomic mass we get,

OO0 000072 00 @ 1.2 A" fin, M) A)

L1011 A% 0 i

where u is the atomic mass unit.

24 Nuclear and ts
determination from the experimental

decay lifetimes of the 27 Yrast state

de formation

nucler

A very accurate and sensitive method of measuring
the stability of the

experimentally collect values for the reduced electric

various nuclei is to
quadrupole transition probability B(E2)] between
the 0% ground state and the first 2* excited state in
even Leven nuclides (Raman S. et al., 2001). In fact,
and in cases where the nuclei under investigation
are deformed, this probability directly depends on
the magnitude of the intrinsic quadrapole moment
Q, (and, thus on de formation) (Hossain i. et al, 2014).
In fact, this probability is, in turn, given by the
inverse of the lifetime of the given excited state T
(Raman S. 2001, Hellem J, 2008) The

accumulation of the B (E2)1 values can be obtained

et al,
by means of Coulomb excitation and inelastic

electron scattering. These wvalues can also be
acquired by means of measuring the lifetimes of the
respective excited states, a method which is very
suitable in our case due to the fact that we are
dealing with high spins (Longo L., 2015). The
experimental decay lifetimes of nuclei is an
additional, yet equal, indicator of the respective
nuclear structures.

According to Raman, the B (E2)] values and the 1

values are related through equation

11 (Raman S. etal., 2001):

13 5 (020,

oa o)y o,o0nog 1

eq. 11
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40.811 10

where o 1is a constant (internal conversion

coefficient) that depends on the specific value of £,

£ isdefined in terms ofkeV, B(E2)in terms ofezbz(e
=1.6x10" Jb=1x10"*m%)and <

is the mean lifetime of the state in picosecond. It

should be mnoted that the reduced electric
quadrupole transition probability values are
fundamental experimental quantities and are

independent of the nuclear models. In contrast to
the B (E2)1 values, the deformation parameter [ is
model dependent. However, and owing to its easy
visualization this parameter is o futmost importance
to the quantification o fnuclear de formations. In fact,
and assuming a charge distribution that is uniform
up to a distance of R (6,¢) but takes the value ofzero
beyond that, the deformation parameter can be
related to the B (E2)1 values by the following
equation (Raman S. et al., 2001)

where Z represents the atomic charge ofthe nucleus.

3. Results

3.1.¥Yrast 2" energtes ofeven [leven nuclides

It was previously stated that the lowest excited state
of most even Ueven nuclides is a spin/ parity 2*

state. The data of the 2" energy state were collected

from the literature and they are consequently
plotted as a function of the respective proton and
neutron numbers as shown in  figure 15

(nndc.bnl.gov, 2015). Appendix 1 provides a full list
ofall values collected for all nuclides regarding their
2" and 4" energies together with their respective
proton, neutron, and mass numbers. Nevertheless,
and despite the fact that the respective shape of the
graph does not at first indicate any order or useful
conclusions regarding the reasons for the
appearance of spikes in excitation energy, it can be

easily inferred that the sudden increase in
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E(2+) keV

7020
6320
5620
4920
4220
3520
2820
2120
1420
7200

20.00

Figure 15. 2+ Yrast 2* Excitation Energies for even-
even nuclei plotted as a function ofN and Z

the excitation energy of certain nuclei can be
attributed to the theoretical predictions where a full
sbgll will always translate into a highly stable
nixlide (Bryan J., 2013, Magill J. and Galy J., 2005).
These spikes are in accordance to the magic numbers
are 2,8,20,28,50,82,and 126 and, hence correspond
to full shells (in total agreement to the nuclear shell
model that was discussed earlier). The first couple of
spikes that are exhibited to the left of figure 15
belong to O (8 protons and 8 neutrons) and the
alpha particle *He (2 protons and 2 neutrons), “C,
(six protons and six neutrons) “C, (six protons and 8
neutrons). On the other hand, the two large spikes to
the right of the graph correspond to "’Su and **Pb
nuclides. Hence, it can be easily seen that these
nuclides have excitation energies that are either
double (tin) or quadruple (lead) compared to those
of their respective neighbors. Therefore, and going
back to figure 15, the

correspond to nuclides that are either magic or

large spikes observed
doubly magic (isotopes with both proton and
neutron numbers matching the magic ones). The
high energies of up to 7 MeV correspond to the
nuclides >C, *C, "’Sny, “Ca,, 0y, °04 and **Pb
Movreover, it can be also observed that the heavier
the nuclei in our graph the lower the excitation
energy becomes and, thus the more unstable they
are (areas of high deformation that are especially
found in the region between the two pikes to the
right of the graph in figure 15). An additional
characteristic of figure 15 is the behavior of the >Mg

nucleus. According to the mean field framework, the
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Mg nuclide is theoretically predicted to have a
spherical ground state (Rodriguez-Guzman et al.,
2015). However, and according to the acquired
experimental value ofthe first excited state B (E2, 0"
— 2%) (and as we will see later also due to the ratio R
(E,,/ E,,))itis suggested that this is not true and
that this nuclide demonstrates in fact a deformed
This

described in the literature) is characteristic of the N

ground state. weakening (or erosion as
=20 and N = 28 magic numbers in nuclei that are
light and have a rich consistency of neutrons (plain
mean field approximations (Ring P. and Schuck P.,
1980)). Hence, such challenging shell effects with
respect to neutron rich nuclei, are in contradiction
with the accumulated experience regarding stable

nuclear systems (Michimasa S. et al, 2014).

In fact, and according to a paper published from
Nakada and Sugiura in 2014, ‘althougl deformation
degrees of freedom are not explicitly taken info
account, the semt-realistic interactions describe the
eroston ofN =20 and 28 magicity 7n the profon-
deficientregion, as well as the emergence ofN =16
and 32 magicity. In addition fo the known magic
numbers, possible magicity at N =40, 56, 90, 124,
172,178, 164, 184 and Z =14, 16, 34, 38, 40, 58, 64, 92,
720, 7124, 126 /ras been argued, in com parison with
sim flar predictions obtained from the Gogny DIS
and DIM inferactions’(Nakada H. and Sugiura K.,
2014, pp. 16).

Figure 16 and figure 17, are an alternative
way to visualize the issues that were previously
16 depicts the

between the proton number and the excitation

discussed. Figure relationship

energy E,, which is plotted in a logarithmic scale. It

can be easily inferred that there

§ E(2+)keV

1000

E(2+) keV

100

T T
0 20 40 60 80 100

Proton Number (Z)

Figure 16. 2" Yrast Excitation Energies againstZ

is a gradual decrease in the value of the excitation

energy the greater the atomic number of the

E(2+) keV
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nuclides becomes, excluding, of course, the spikes
corresponding to stable nuclides (classically, these
should decrease as A°’ for the same deformation).
Nevertheless, spikes at 8, 20, 28, 50, 82, and 126
(representing proton shell closures) can clearly be
seen by the areas labelled on the graph. On the other
hand, figure 17 illustrates the relationship between
the excitation energy E,, and the neutron number of
the respective nuclides. The same conclusions can be
reached as in the previous graph. In both cases, it is
clear that the spikes correspond to the magic and
doubly magic numbers.

figure 18 s

demonstrating the collective effect of atomic mass

However, furthermore
number on the excitation of the respective nuclides.
The two spikes, as discussed earlier, at the right side
of the graph correspond to the doubly magic
On the other hand, there
evidence for the shell structure model provided by
the shell closures at N =50, N =82, and

nuclides. is a clear

n E(2+) keV
-
i.= :. n [
1000-%‘ b I
u J ‘l i
e -3
n
100 A h :I
10 T T T T

T T T K
100 120 140 160

Neutron Number (N)

Frgure 17. 2+ Yrast Excitation Energies ofthe 2+
state against V.

N =126. The restofthese shell closures, namely at 8,
20, and 28 can also been seen, but for means keeping
the graph simple they have not been indicated. It
should be that there two

unexpected spikes at the region surrounding the *Ni

noted are rather
(28 protons and 40 neutrons) and at the region
surrounding the *Zr (40 protons and 50 neutrons).
However, the first one has ~2.2 MeV excitation
energy, while the analogous neutron intruder states
%Zr reside at 4126 keV and 5441 keV. This

difference in the excitation energy can be explained

in

by the shell model description of 0" intruder states.
This model states that the excitation energies (and
the respective differentiation of these nuclides as
compared to the others) of both ®Niand *’Zr can be
explained by the fact that 'they are sim ilar in spite of
the difference in the wunperturbed single-particle
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shell-gap energies, as it is compensated fo a large
extent by the difference in parring energres (Pauwels
D. et al, 2010). Furthermore, this highlights the fact
that the stronger pair neutron scattering in “Ni
triggers more active valence neutrons that highly
interact with proton excitations around the region o f
Z =28.

—— E(2+) keV
8000
7000 4

6000 ~

Doubly magic
nuclide **Pb
Z=82N
1)

Doubly magic
nuclide 15
{Z=50N

‘ Naround 50 8),

5000 -

4000 |

E(2+) keV

3000 |
2000

1000 ~

T T

T T T 1
0 50 100 150 200 250 300

Mass Number

Figure 18 2+ Yrastexcitation energies against the
atomic mass. Two doubly magic nuclides are shown

lo have large spikes.

Hence, neutron pair scattering around N = 40 is far
more important and influential than

proton pair scattering around Z =40. "*’Sn

3.2 Yrast 4" energtes ofeven [even nuclides

Figure 19 exhibits the excitation energy E, as a
function ofboth the proton and neutron number. As
expected, the average excitation energy is higher as
compared to the respective E,; however, both plots
appear to have a very similar shape. Hence, it can be
concluded that the shell closures will be the same
(same positions on the graph) regardless of which
energy is plotted. An interesting fact is the great
amount of energy that is needed at 6 neutrons or
protons, despite the fact that this number is not a

magic or doubly magic one.
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2166
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8020

=
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1200
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Frigure 19. 4+ Yrast excitation energres agamst N and
zZ

These results become more evident in the next figure
where the collective effect of atomic mass number
on the excitation E, ofthe respective nuclides. Once
again this graph proves the existence of closed shell
closures at the so-called magic number (2, 8, 20, 28,
50,82, and

126). Moreover, the differences in the respective
excitation energies for nuclides that have the same
magic number ofneutrons but not the same number
of protons can be once again explained by the shell-

model description as earlier.
—E(4+) keV

7000 4

Doubly magic

6000 - ‘ ‘
|
5000 1

4000

E(4+) keV

3000

2000

1000

T T T T - 1
0 50 100 150 200 250 300
Mass Number

Figure 20. 4+ Yrast excifation energies for the 47
stafe in even-cven nucler against the afomic mass.
Two dowubly magic nuclides are showrn fo lave

large spikes

3.3.The R(E(4) E(2")) ratio

Interesting conclusions can be inferred by plotting
the ratio of the two excitation energies (E(4")/ E(2%))

as a function ofboth the proton and neutron number
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of the nuclides. It is shown that there is a clear
correlation between both excitation energies and
that their respective ratio increases with the addition
of valence nucleons until a maximum value is
reached (that is found to be approximately 3.33).
Following this value, the ratio tends to return back
towards stability. It should be mentioned that the
theoretical approach defines that this ratio should
have a value of R = 3.333 for a near-perfect axially
symmetric deformed rotor, whereas it should take
values of R = 2.0 for idealized vibrational nuclei
(perfect harmonic vibrators) (Alkhomashi N., 2010).
On the other hand, the ratio of these two excitation
energies for nuclei that have near closed shells (near
magical nuclei) tend to take values that are less than
2.0. Moreover, figure 21 additionally shows that the
larger the mass the lower the excitation energy is
This

suggests that heavier nuclei are more prone (and

required in order to deform the nucleus.

more easily) to

R(412)

3.480
3210
2940
2670
2400
2130
1.860
1.580
1.320

1.050

Figure 21. PlofofR(4/2), a measure ofthe ratio of
the E(47) energy to the E(27) energy, against N and Z

deformation Of course, the exceptions in the region
of high mass include the magic and doubly magic
numbers. For instance, for tin and lead the ratio is
expected (and is furthermore shown) to have lower
values (R > 2.0) which correspond to spherical
nuclei. The same conclusion can also be reached by
plotting the ratio of the two excitation energies
(E(4%) / E(2*)) as a function of the atomic mass
(figure 22). This graph is very useful because it
directly exhibits the plethora of nuclei that are
unstable and, thus easily deformed. For instance,
and for the area that has atomic masses beyond 220,

there are a large number o fnuclei that are de formed.
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The same observation can be made for nuclides
having
—— R(4/2)
35
3,0

2,54

R(4/2)

2,0

T T E T 1
0 50 100 150 200 250 300
Mass Number

Figure 22. The ratio o f(E(47)) E(27) against the

aflom ic mass

atomic masses around the area of A =150 and for
light nuclei (A <20).

3,54
3,0

2,54

R(4/2)

2,04

154

1.04

T T LA S R L L R a
0 20 40 60 80 100 120 140 160

Neutron Number

Figure 23. The ratio of(E(47)) E(27) against the

neutron number

Figure 23 is demonstrating the ratio of the two
excitation energies (E(4%)/ E(2¥) as a function of the
neutron number. The magic numbers of 82 and 126

are now far more evident (R <<2.0).

34 Deformed nucler

An additional parameter that can significantly aid in
the quantification of nuclear deformation and the
nuclear

subsequent evaluation of the nuclides’
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structure is the respective moment of inertia in the
respective nuclei. This parameter can be calculated
from eq. 8 and figure 13 and it demonstrates its
independence from the given elements. Figure 24
exhibits the value of the moment of inertia against
the proton and neutron number of the nuclides
(figure 24). It is clearly shown that there is great
variability regarding the value of the moment of
inertia that can reach up to one order of magnitude.
This is directly attributed to the respective nuclear
shell structures but also to the number of valence

nucleons that was previously discussed.

Moment of Inertia
0.08580

0.07726
0.06872
0.06018
005164
004310
0.03456
0.02602
001748
0.008940

4.000E-04

Figure 24. Momentofinertia for E,, plotted agarnst
the number ofprofons and the number ofneutrons

Furthermore, it can be deducted that regions which
correspond to stable nuclides, such as the one
located between the deformed rare earth and
actinide elements (190 < A < 220) will show the
lowest value for the moment of inertia. Hence,
moment of inertia is a parameter that does not
depend on the element itself but solely to the mass
number (the greater the mass number the greater the
value of inertia, except of course when it comes to

the magic or doubly magic numbers).

m  Moment of Inertia

0.10 4
0.08
0.06 4

0.04 4

Moment of Inertia

0.024

0.00+

T T T T |
0 50 100 150 200 250 300
Mass Number

Frgure 25. Momentofinertia for E,, plotted against
the afom ic mass number, A.

Figure 25 also illustrates how the deformation
parameter [ varies with the respective nuclide
masses. The A”° dependence for collective nuclei is
evident and it is shown at both figure 26 and figure
27. Indeed, these figures show that the moment of
inertia of a nucleus does not depend upon which
element itis, but also that this value is affected when

the mass increases.

0.000006 [
0.000004

0.000002

Moment of Inertia / A*5/3

0.000000 ——— R .
0 5 100 150 200 250 300

Mass Number

Frigure 26. Momentoflunertia over the entire range as
Junction ofmass, A. Momentofinertia has been
divided by A7,

0.1+

il
H“ \
i (|
i “ \

0.01 A

Moment of Inertia

1E-34/

T
10 100
Mass Number

Figure 27 Log-log plotofmomentofinertia and
mass number showing the approximate A"’
dependernce.

Finally, figure 26 demonstrates once again that the
ration between the two Yrast energies (47/ 27) tends
towards 3.33but cannot be greater. At this maximum
value of 3.33 there is a wide range of potential

nuclear de formations that can take place.
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Figure 28: The nuclear deformation shown agarinst
the E(47) E(2°) ratio. This shows the deviation of
deformation fora perfect rofor. Tewo tracks show the

observed classes ofnuclear plase transitions.

3.5. Valence Product

An additional technique that can distinctly show
and present indications of nuclear structure is the
valence correction scheme (VCS). This technique is
extremely useful because the huge array of data
involved can sometimes obscure (or better said not
clearly depict) the results that we want to present.
VCSisawayofdisplaying the results in terms o fthe
valence nucleons and the particular technique that
will be

parameter.

used 1is the
This

productofthe valence protons and valence neutrons

Np.Nn valence product

parameter simply denotes the

or the productofthe number of holes past mid-shell
(in cases where the respective nucleon numbers are
closer to the next filled (full) shell). Hence, it is
extremely useful to show our results utilizing this
parameter which essentially illustrates the trend as
‘distance’ from the magic numbers e.g. when Np.Nn
is at a maximum value the nucleus is at its most
unstable. It should be noted that this product Np.Nun
can be thought of as presenting the strength of the
respective interactions between the nucleons and it
is the dominating factor regarding not only phase
transitions but also regarding nuclear deformations.
27 shows that as the
does the

Figure product Np.Nn

increases so deformation parameter
(initially). However, and following the value of 200
the previous linear trend begins to change which
directly reflects the addition of more and more

valence nucleons (the so-called saturation region).
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ISSN 2229-5518

Hamamoto was the first to point out that the square
roots of the ratios of the measured and the single
particle B (E2) values were proportional to the
product Np.Nn (Hamamoto I,1965).

5630

45639

4639

2569

25639

2639

Moment ofinertia/ A*S'3

15639

1638

1
5E40 %r
o

Figure 27. The variation ofthe deformation constant
as a function ofthe Nu.Np valence product for the 2*
yrastlevel

The valence product appears to be higher the further
away we go from the so - called magic numbers.
This con firms that a high ratio will be found at the
center ofshells and, there fore this is the location
where we are most likely to find the perfectly
rotating de formed nuclei. On the other hand, the
value o fthis product tends to zero if either the
number ofprotons or number ofneutrons coincides

with a magic number.

4. Conclusions

All things considered, this dissertation presented a

distinct and detailed analysis regarding the
quantification of nuclear deformation and masses.
The data of the 2% and 4" yrast energy states (Yrast
states), the nuclear excited state energies of even []
even nuclei (nuclei with even number of protons
and even number of neutrons) were collected from
the literature and they were consequently plotted as
a function of the respective proton and neutron
numbers. Our results show that the shell structure
model can be considered to be a reliable means in
terms of describing the stability of nuclides. In fact,
there appear to be certain magic numbers that which
represent full cells and they are, thus very stable.
This stability can be profoundly understood from
figures 16 [124, where the excitation energy of the

lowest excited state of most even [leven nuclides
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(the 2% state) is particularly high (spikes) at the
magic numbers 2, 8, 20, 28, 50, 82, and 126 (or
doubly magic isotopes with both proton and
neutron numbers matching the magic ones) and,
hence correspond to full shells. The two spikes, as
discussed earlier, at the right side of the graph of
figure 18 correspond to the doubly magic nuclides.
Movreover, it can also be inferred that the heavier a

nucleus is the lower excitation energy it possesses

(high deformation areas). Nevertheless, an
additional issue that was examined was the relative
difference that was presented with respect to

neutron pair scattering and proton pair scattering.
The underline incentive for this issue was the
discovery of two rather unexpected spikes at the
region surrounding the “Ni (28 protons and 40
neutrons) and at the region surrounding the “Zr (40
protons and 50 neutrons). Their respective difference
in excitation energies can be explained by the shell
model description of 0% intruder states and proves
that neutron pair scattering around N = 40 is far
more important and influential than proton pair

scattering around Z = 40.

The excitation energy data of the 2% and 4%
states, the ratio E(4%) / E(2%) was found. This ratio
takes values within the range of 1.5—3.33 and it is a
clear indication of the nuclear de formity ofeach and
every nucleus. It was shown that this ratio reaches a
value of R = 3.333 for a near - perfect axially
symmetric deformed rotor, whereas it takes values
of R = 2.0 for idealized vibrational nuclei (perfect
harmonic vibrators). However, and as opposed to
these values, the ratio of these two excitation
energies for nuclei that have near closed shells (near
magical nuclei) tend to take values that are less than
2.0. Once again the high instability of heavier nuclei
21).

momentofinertia was also examined (figure 24) and

is demonstrated (figure Furthermore, the
it was found that regions which correspond to stable
nuclides, such as the one located between the
deformed rare earth and actinid elements (190 <A <
220), will show the lowest value for the moment of
inertia. It should be also stated that these values
show a great degree of variability (up to one order
ofmagnitude), an issue that can be explained by the
nuclear shell structure and to the number ofvalence
nucleons. The moment of inertia is approximately

5/3 . o
/3 therefore, when this value is

proportional to A
divided by this

deformation constant that can be also utilized in

dependence the result is a
order to define the eccentricity of the ellipsoid
nuclides. It has also been shown that for Nn. Ny
values greater than 200 this deformation is greatest

International Journal of Scientific & Engineering Research Volume 9, Issue 2, February-2018
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butalso becomes saturated. This practically suggests
the fact that in cases where a large number of
valence nucleons is present in the respective nuclear
structure then there is a collective excitation that
triggers the nuclei to be deformed. Finally, the
deformation parameter showed maxima at specific
regions in the nuclear chart which can be seen in
figure 25. The valence product appears to be higher
the further away we go from the so-called magic
numbers. Hence, de formation is once again shown
that it is directly dependent to the number of

valence nucleons.
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226,029339
228,031374
230,03394
232,0371562
234,0409521
236,045568
238,0507882
240,056592

236,046058

238,0495599

240,0538135

2420587426

244,064204

246,070205

238,05303

240,0555295

242,0588358
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1478 1813,8
689,6 1194,2
373,3 759,8
183,3 439,8
98,1 2841
72,2 226,43
57,759 186,838
53,2 174,111
49,369 162,12
49,55 163,05
80,5 250
59
51,72 169,34
47,572 156,656
43,498 143,352
45,242 149,477
44,91 148,38
45 150,6
44,63 147,45
44,08 145,952
42,824 141,69
44,54 147,3
46 155
44,2 1545
35
38
42,13 137

1,23EH00

1,73E+00

2,04E+00

2,40E+00

2,90E+00

3,14E+00

3,23E+H00

3,27E+H00

3,28E+00

3,29E+00

3,11E+00

3,27E+H00
3,29E+00
3,30E+00
3,30E+00
3,30E+00
3,35E+00

3,30E+00

3,31EH00

3,31E+H00

3,31EH00

3,37E+H00

3,50E+00

3,25E+00

1,541
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96 146
244

96 148
246,
96 150
248,
96 152
250,
96 154

244,
98 146
246,

98 148
248,

98 150
250,

98 152
252,,

98 154

248 ,,
10

0 148
250 ,,
10

0 150
252 ,,
10

0 152
254 ,,
10

0 154
256 .,

1§ 156

98

98

98

98

98

100

100

100

100

100

148

150

152

154

146

148

150

152

154

148

150

152

154

156

2440627526

246,0672237

248,072349

250,078357

244066001

246,0688053

248,072185

250,0764061

252,081626

248,077186

250,079521

252082467

254,0868544

256,091774

42,965

42,852

43,38

41,53

42,722

45,72

44,988

48,3

142,348

141,989

143,8

137,81

141,875

151,74

152

149,35

159,9

1,542

3,31E+00

3,31E+00

3,31E+00

3,32EH00

3,32E+00

3,32EH00

3,30E+00

3,32E+00

3,31EH00

"The "yrast’ state refers to the lowest excitation state for a given angular momentum or spin in a nucleus.
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